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part 1

Multiple Zeta Values

For an n-tuple of positive integers k = (ki,ka...,k,) with k; > 1, we define multiple zeta values
C(k) = ((k1, ko, ..., k,) by the convergent series
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MZV has an integral representaion as follows

/ / wi(tr)wa(ta) - - - wi(te),
1>t >te>-- >t >0

where k = k1+ko+....+k, is the weight of (k) and w;(t) = dt/(1—t)ifi € {ki, k1 + ko, ...
and w;(t) = dt/t otherwise.

There is a little known about arithmetical properties of these numbers. On the other hand there is a large
amount of relations (linear and algebraic) among MZV’s. One of the fascinating features of MZV’s is that
the structure of relations over Q reflects other structures in mathematics and physics.

It is due to Euler that ¢(2,1) = ((3). By the very definition, it is clear that the product of two zeta values is
a linear combination of multiple zeta values with integer coefficients so the the space spaned by all MZV’s
over the rationals form an algebra. In particular

kit ke e+ kd

¢(a)¢(b) = ¢(a,b) +C(b,a) + ((a +b).

Let b = Q(z,y) be the free algebra in two noncommutative variables  and y over the rationals and h° its
subalgebra Q + zhy. Define the linear map Z by the following assignment

Z(a"ya Tyt T y) = (R k).

Let z; = 2" 'y and define the harmonic * and the shuffle IT products on h by

Txw=wx*1=w, zpwy* 2wy = zx(wy * z7wa) + 2 (zEw1 * wa) + 2 + L )wy * wo,

I MMw=wlll, uw Tvwy=u(w; [Iovwy) + v(uw; IT wy).

The harmonic and the shuffle products correspond to the multiplication of MZV’s represented as the con-
vergent series and iterated integrals respectively. For any w; and w, in h° they are defined in such a way
that we have

Z(w1)Z(ws) =
This gives the double shuffle relations:

Z(wy x wq), Z(w1)Z(wy) = Z(w; I ws).

part 2

The Modular Algebra

Let M be the ring of modular forms of all levels and all weights. M is graded by the weight and the group
PGLJ (Q) acts on M via the slash operator:

fh(z) =

where k is the weight of f, v = ( Z Z

M x PGL3 (Q) is called the modular algebra.

(dety)*?(cz + d) ™" f(v2),

cz+d

> € PGLI(Q) and vz = % The crossed product A =

M is a differential algebra with respect to the Serre derivative, which is defined as

U My — My,

1 ., k
I(f) =5 f — Bt
where Fy(z) =1—24>""7 01(n)e*™* is the Eisenstein series of weight 2 on SLy(Z).

The Connes-Moscovici Hopf Algebra

Definition. H; is the universal enveloping algebra of the Lie algebra with basis {X,Y,d,;n > 1} and the
brackets

Y, X] =X, [Y,0,] =ndp, [X,6] =0ns1.
The coproduct is given by multiplicativity and

AY =Y ®@14+10Y, AX=XR14+1X+5QY, Adh=6R1+1R,
the antipode is the anti-isomorphism given by

SY)=-Y, S(X)=-X+4Y, S(6:) = =41,

and the counit is
e(h) = the constant term of h € Hj.

Z(wl * UJQ) = Z(wl 11 ”LUQ).
part 3 part 4
CM-action Connection to MZV’s
Theorem. H; acts on A as follows: Let Lo be the quotient of the free Lie algebra on the letters X, 0 by the relations that all ad(X)™(9) commute.
Alternatively, Lg is the Lie algebra with basis (X, 0y, 0, - -+ ) and relations [X, 0,] = n0p11, [0m0,] = 0
Y(f®q) = w(f)f ® 7, Since Ly is graded it naturally extends to the Lie algebra L; = Lo + QH where [H, X] = X, [H, 0,] = n0,.
2 There are several natural copies of L; in the Der(h). Clearly, L; is the same Lie algebra as the underlying Lie
algebra of the CM Hopf algebra. It would be very interesting to understand what lies behind this similarity
01(f ®@7) = pyf ©7, which appears in two different subjects. Inspired by the CM Hopf algebra, M. Kaneko made the following
conjecture.
X(foy) =90f)®9, Let H be the Euler operator on  which send every homogeneous element w to deg(w)w. Let ¢ be a rational

Oni1(f ®7) = Xon(f ®7) = 0 X(f ®7),
where w(f) is the weight of f and the cocycle u € Z1(PGL3 (Q), My) is defined by

1
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The fact that above operators really determine a Hopf action of H; on A is mostly a consequence of the
following lemma.

One can easily prove that 6, (f ® 7)

Lemma. Let f be a modular form then

@Mwﬂw'

(fly) = () +

Relations among MZV’s

Some relations among MZV’s can be shortly stated by the help of some derivations of h. For each integer
number n > 1 define the derivation 0,, on b by

On(z) = z(z +y)"y, On(y) = —z(z +y)"y.
The derivation 0, has the following alternative description.
Let 0 be the derivation on § defined by
Ty +yx Ty +yr
O(z) = 2 + 2, () =y +
then one has 0,, = %.

Theorem. One has Z(9,(w)) = 0 for all integers n > 1 and all w € h°.

number. For any positive integer n define a linear endomorphism o by

ad(6°)" " (01)

(c) —
o (n—1"! 7

where ¢ is defined by

0 (z) = 0(z), 09(y) =0(y), and 6 (uv) = 6 (w)v + ub (v) + cdy(u)H(v).
Conjecture. For all n > 1 and ¢ € (Q) and any w € h° one has
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