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part 1

Multiple Zeta Values

For an n-tuple of positive integers k = (k1, k2 . . . , kn) with k1 > 1, we de�ne multiple zeta values
ζ(k) = ζ(k1, k2, . . . , kn) by the convergent series∑
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,

MZV has an integral representaion as follows

ζ(k) =

∫
· · ·

∫
1>t1>t2>···>tk>0

ω1(t1)ω2(t2) · · ·ωk(tk),

where k = k1+k2+....+kn is the weight of ζ(k) and ωi(t) = dt/(1−t) if i ∈ {k1, k1 + k2, . . . , k1 + k2 + · · ·+ kn}
and ωi(t) = dt/t otherwise.
There is a little known about arithmetical properties of these numbers. On the other hand there is a large
amount of relations (linear and algebraic) among MZV's. One of the fascinating features of MZV's is that
the structure of relations over Q re�ects other structures in mathematics and physics.
It is due to Euler that ζ(2, 1) = ζ(3). By the very de�nition, it is clear that the product of two zeta values is
a linear combination of multiple zeta values with integer coe�cients so the the space spaned by all MZV's

over the rationals form an algebra. In particular

ζ(a)ζ(b) = ζ(a, b) + ζ(b, a) + ζ(a + b).

Let h = Q〈x, y〉 be the free algebra in two noncommutative variables x and y over the rationals and h0 its
subalgebra Q + xhy. De�ne the linear map Z by the following assignment

Z(xk1−1yxk2−1y · · ·xkn−1y) = ζ(k1, k2, . . . , kn).

Let zk = xk−1y and de�ne the harmonic ∗ and the shu�e q products on h by

1 ∗ w = w ∗ 1 = w, zkw1 ∗ zlw2 = zk(w1 ∗ zlw2) + zl(zkw1 ∗ w2) + zk + l()w1 ∗ w2,

1q w = w q 1, uw1 q vw2 = u(w1 q vw2) + v(uw1 q w2).

The harmonic and the shu�e products correspond to the multiplication of MZV's represented as the con-
vergent series and iterated integrals respectively. For any w1 and w2 in h0 they are de�ned in such a way
that we have

Z(w1)Z(w2) = Z(w1 ∗ w2), Z(w1)Z(w2) = Z(w1 q w2).

This gives the double shu�e relations:

Z(w1 ∗ w2) = Z(w1 q w2).

part 2

The Modular Algebra

Let M be the ring of modular forms of all levels and all weights. M is graded by the weight and the group
PGL+

2 (Q) acts on M via the slash operator:

f |γ(z) = (detγ)k/2(cz + d)−kf(γz),

where k is the weight of f , γ =

(
a b
c d

)
∈ PGL+

2 (Q) and γz = az+b
cz+d

. The crossed product A =

Mo PGL+
2 (Q) is called the modular algebra.

M is a di�erential algebra with respect to the Serre derivative, which is de�ned as

ϑ : Mk −→Mk+2,

ϑ(f) =
1

2πi
f
′ − k

12
E2f,

where E2(z) = 1− 24
∑∞

n=1 σ1(n)e2πinz is the Eisenstein series of weight 2 on SL2(Z).

The Connes-Moscovici Hopf Algebra

De�nition. H1 is the universal enveloping algebra of the Lie algebra with basis {X, Y, δn; n ≥ 1} and the
brackets

[Y,X] = X, [Y, δn] = nδn, [X, δn] = δn+1.

The coproduct is given by multiplicativity and

∆Y = Y ⊗ 1 + 1⊗ Y, ∆X = X ⊗ 1 + 1⊗X + δ1 ⊗ Y, ∆δ1 = δ1 ⊗ 1 + 1⊗ δ1,

the antipode is the anti-isomorphism given by

S(Y ) = −Y, S(X) = −X + δ1Y, S(δ1) = −δ1,

and the counit is
ε(h) = the constant term of h ∈ H1.

part 3

CM-action

Theorem. H1 acts on A as follows:

Y (f ⊗ γ) =
ω(f)

2
f ⊗ γ,

δ1(f ⊗ γ) = µγf ⊗ γ,

X(f ⊗ γ) = ϑ(f)⊗ γ,

δn+1(f ⊗ γ) = Xδn(f ⊗ γ)− δnX(f ⊗ γ),

where ω(f) is the weight of f and the cocycle µ ∈ Z1(PGL+
2 (Q),M2) is de�ned by

µγ =
1

6
(E2|γ − E2 −

6

πi

c

cz + d
).

One can easily prove that δn(f ⊗ γ) = ϑn−1(µγ)⊗ γ.

The fact that above operators really determine a Hopf action of H1 on A is mostly a consequence of the
following lemma.

Lemma. Let f be a modular form then

ϑ(f |γ) = ϑ(f)|γ +
ω(f)

2
µγf |γ.

Relations among MZV's

Some relations among MZV's can be shortly stated by the help of some derivations of h. For each integer
number n ≥ 1 de�ne the derivation ∂n on h by

∂n(x) = x(x + y)ny, ∂n(y) = −x(x + y)ny.

The derivation ∂n has the following alternative description.
Let θ be the derivation on h de�ned by

θ(x) = x2 +
xy + yx

2
, θ(y) = y2 +

xy + yx

2
,

then one has ∂n = ad(θ)n−1∂1

(n−1)!
.

Theorem. One has Z(∂n(w)) = 0 for all integers n ≥ 1 and all w ∈ h0.

part 4

Connection to MZV's

Let L0 be the quotient of the free Lie algebra on the letters X, ∂ by the relations that all ad(X)n(∂) commute.
Alternatively, L0 is the Lie algebra with basis (X, ∂1, ∂2, · · · ) and relations [X, ∂n] = n∂n+1, [∂m∂n] = 0.
Since L0 is graded it naturally extends to the Lie algebra L1 = L0 + QH where [H, X] = X, [H, ∂n] = n∂n.
There are several natural copies of L1 in the Der(h). Clearly, L1 is the same Lie algebra as the underlying Lie
algebra of the CM Hopf algebra. It would be very interesting to understand what lies behind this similarity
which appears in two di�erent subjects. Inspired by the CM Hopf algebra, M. Kaneko made the following
conjecture.
Let H be the Euler operator on h which send every homogeneous element w to deg(w)w. Let c be a rational

number. For any positive integer n de�ne a linear endomorphism ∂
(c)
n by

∂(c)
n =

ad(θc)n−1(∂1)

(n− 1)!
,

where θ(c) is de�ned by

θ(c)(x) = θ(x), θ(c)(y) = θ(y), and θ(c)(uv) = θ(c)(u)v + uθ(c)(v) + c∂1(u)H(v).

Conjecture. For all n ≥ 1 and c ∈ (Q) and any w ∈ h0 one has

Z(∂(c)
n (w)) = 0.
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