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1 Green’s functions

Let $ be the upper half plane. Let I' be a congruence subgroup of PSLy(Z) and k > 1. The Green’s function
on §/T of weight 2k is the unique function G}, with the following properties:

1. G} is a smooth function on $ X § — {z; = vz |y € I'} with values in R.
2. GY (7121, 7222) = G (21, 2) for all 41,70 € T

3. AGE = k(1 — k)GE (A, is the Laplacian with respect to z;).

4. G}, =log |z — 29> + O(1) when 2 tends to 2,.

5. G}, tends to 0 when 2; tends to a cusp.

2 Conjecture

A particular case of the conjecture formulated in [1] is as follows. Let 21,29 € $) be two different complex
multiplication points with discriminants Dy, Ds. Let k = 2,3,4,5,7. The conjecture says:
There exists an algebraic number f such that the value of the Green’s function equals

1—

ékPSLQZ(Zb 2) = (D1D2)Tk log f. *)

3 Examples

We have several examples which are verified numerically:

GPSLZ(\ /T, -1+ \/—_7) _

6
5 log(8 + 3v/7),
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V28
—1++v-3 24
GQPSLQZ(\/__L + ) =
2 V12
—14+v-7 4 T o
GPSlel(_— ¥ \/29) = lo < 13475, where
2 ( ) ) 6 g T
s =34+ V14, ms = 1+ V14,u = 15 + 4/14.

log(2 4+ \/5),
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4 Main idea

The main idea is already present in the paper [2]. Suppose we have a family of elliptic curves over
& — S =$9/T. Then we consider
%:é()XS(gaXS---Xs(gj.

2k—2 times

For a CM point z; we have the canonical cycle in the fibre of 2 over zy, ., € Z¥71(X.,). Suppose we have
proved that &, is trivial in the group CH*(2), that is we have found subvarieties W; C 2~ and rational
functions f; € Q(W;) such that

&= divfi

For another CM point 29 we intersect the canonical cycle £,, with W; and form the product

F=TTIT s,

i peW;

Then the formula (*) is true.

5 Higher Chow groups

Let X be a smooth complex projective variety of dimension n. Consider the group C*(X, 1) which is the free
abelian group generated by pairs (W, f), where W is an irreducible algebraic subvariety of X of codimension
k —1 and f is a non-zero rational function on W, modulo the relations

(W, fifa) = (W, f1) + (W, f2),

where f, and f, are two rational functions on W. The group Z*(X, 1) is defined to be the kernel of the map
C*(X,1) — Z¥(X) sending (W, f) to div f, the divisor of f. Define the group B*(X, 1) as the subgroup of
Z¥(X,1) generated by elements of the form

(div g, hlaivg) — (div R, glaive)s

where g, h are non-zero rational functions on some V' C X of codimension k — 2 whose divisors have no
component in common.
The first higher Chow group is defined as follows:

CH*(X,1) := Z*(X,1)/B*(X, 1).

part 3

6 Abel-Jacobi map

We use the definition of the Abel-Jacobi map from [3]. Let = represent an element of CH*(X, 1), k € Z{(X,1)
le.
v=) (Wi f), D divfi=0.

We denote the corresponding element in CH*(X, 1) by [x]. We choose a path [0, 00] C CP'. Let us denote
vi = f7]0, 00|, which is a 2n — 2k + 1-chain on X whose boundary is — div f;. This implies that the chain
v = >, is a cycle. By Poincare duality v has a class [y] € H 2k=1(X 7). Using Hodge theory one can prove
that this class is torsion. Suppose for simplicity that the class is trivial, v = 9n for some 2n — 2k + 2-chain
n. Then for any w € F"Flg/?n=2+2( X)) with dw = 0 we consider the following expression:

(i =523 [

where the logarithm on CP! is defined using the cut along the chosen path [0, oc]. This defines a map

wlogfi—k/w,
13

\Vi

H%_Z(X, (C)
FrH2=2(X,C) + H*-2(X,7Z)

AJP CHR(X, 1) —

7 Families of cycles and modular forms

We come back to our family 2°. Suppose we have subvarieties W; C 2" with rational functions f; on them
such that the total divisor >_.div f; is vertical. This gives a family =, € CH"(X,,1) (t € Sy, Sp is Zariski
open in S). Taking the Abel-Jacobi map we obtain a family

Home(F*tH*72(X,,C),C)
H*2(X,, 7)

€ €

Let 27 denote the sheaf of rings of differential operators on S of degree at most j. Let M7 denote the sheaf of
modular forms on S of weight j. There is a canonical section B of the sheaf M?* @ 2?*~1 @ M?*~2. Moreover,
this section goes to zero if we apply the Gauss-Manin connection map 2 ® H*2 — H?~2 (here H?*~2
denotes the cohomology sheaf on S of the family 2~ and M?~2 = F?~22k=2) This section is constructed
as follows. On a small Zariski open set U of S we can take a modular form f of weight 2k — 2 and a modular
form g of weight 2k such that both are not zero on U. The following expression is a differential operator on

v 1 a 2k—1 1
p0.0=3(7) 7

because it maps modular functions to modular functions. We put B(U) =g ® D(g, f) ® f.

We can multiply B with ¢, and get a meromorphic modular form of weight 2k, Be € M (Sy).

Therefore we obtain a map from families of elements of C H*(X;, 1) to modular forms of weight 2k. In fact
in my thesis I compute this map in a purely algebraic way in terms of iterated residues.
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8 All objects together

There is also a way to obtain a modular form of weight 2k from the Green’s function. We fix one of the
variables, say 2z, and consider Gj (21, z) as a function of z. Then the k-th non-holomorphic derivative g of
G} (21, 2) is a meromorphic modular form of weight 2k. In fact it is uniquely determined by the properties:

1. It is a meromorphic modular form of weight 2%k in 2z, whose set of poles is I'z;, which is zero at the
cusps. The pole at z; is of the type
(z—21)(z—71) /)

2. Tts cohomology class is totally real for k£ even and totally imaginary for k& odd.

Theorem 1 Suppose one can construct a family of elements of CH*(X;,1) such that the corresponding
modular form is g. Then the conjecture is true for this fived 2z, and arbitrary CM point zs.

For the point z; = v/—1, ' = PSLy(Z), k = 2 we have

8647 — 1492202
(j — 1728)2

g=FE,

In my thesis I explicitly construct a family of elements of C H?(F; x Ey, 1) for the family y? = 23 —x — t. I
compute the corresponding modular form and obtain exactly g, thereby proving a theorem

Theorem 2 The conjecture is true for the case I' = PSLsZ, k = 2, z; = v/—1 and zo — arbitrary CM
point.

In particular I prove the first identity from the Examples section.
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